Abstract. We prove that the alternative Clifford algebra of a nondegenerate ternary quadratic form is an octonion algebra over the ring of polynomials in one variable.
Introduction
The Clifford algebra of a quadratic form is both an important invariant of the form and an interesting object in its own right. We propose a detailed study of the alternative Clifford algebra, defined in the same manner as the classical Clifford algebra in the realm of alternative algebras.
Let F be a field of arbitrary characteristic and let ϕ : V →F be a quadratic form on an n-dimensional vector space V over F . The classical Clifford algebra C(ϕ) is defined as the tensor algebra of V modulo the relation v 2 = ϕ(v) for every v ∈ V . The structure of the Clifford algebra is well understood: C(ϕ) is a simple algebra of dimension 2 n over F , whose center is F when n is even, and a quadraticétale extension, corresponding to the discriminant disc(ϕ), when n is odd. The natural involution is defined by extending the identity map on V . The algebra thus has order dividing 2 in the Brauer group of F . Indeed, the Clifford algebra is the second cohomological invariant of quadratic forms (see [1, Section 14] ).
An alternative analogue was recently introduced by Musgrave [4] , who defined the alternative Clifford algebra C Alt (ϕ) as the alternative tensor algebra of V modulo the same relations v 2 = ϕ(v). Explicitly, the alternative Clifford algebra is the free alternative algebra generated by x 1 , . . . , x n over F , modulo the relations (u 1 x 1 + · · · + u n x n ) 2 = ϕ(u 1 , . . . , u n )
for any choice of u 1 , . . . , u n ∈ F . (Chapter 13 of [7] is devoted to the free alternative algebra.) The main motivation is to study, through an algebraic construction, the higher cohomological invariants of quadratic forms (see [1, Section 15 and 16] and [6] ). When n ≤ 2 the alternative Clifford algebra is identical to the associative one. Musgrave asks if the alternative Clifford algebra is finite dimensional, especially when n = 3 (see [4, Questions 3.1 and 3.4] ).
In this paper we provide a complete description of the alternative Clifford algebra C Alt (ϕ) for nondegenerate ternary forms. The computation depends on the characteristic, but the resulting structure does not: Theorem 1.1. Let (V, ϕ) be a nondegenrate ternary quadratic space over a field F . The alternative Clifford algebra C Alt (ϕ) is an octonion algebra over the ring of polynomials in one variable over F .
Let a = (x 1 , x 2 , x 3 ) be the associator of an orthogonal basis x 1 , x 2 , x 3 ∈ V . Then a 2 is central, and all simple quotients of C Alt (ϕ)[a −2 ] are octonion algebras whose centers are finite dimensional over F .
See Theorem 6.1 for an explicit description of this algebra in characteristic not 2, and Theorem 9.4 for a similar result in characteristic 2. The proof revolves around the "alternative discriminant", studied in Section 4, which turns out to be a transcendental element in the associative center of the alternative algebra. Along with the description of the alternative Clifford algebra in Section 6, we also determine the simple quotients other than the (quotients of the) associative Clifford algebra -these are all octonoion algebras over finite extensions of F . In the notation of Theorem 1.1, we have: Theorem 1.2. Let a = (x 1 , x 2 , x 3 ) be the associator of an orthogonal basis x 1 , x 2 , x 3 ∈ V . Then a 2 is central, and all simple quotients of C Alt (ϕ)[a −2 ] are octonion algebras whose centers are finite dimensional over F .
Background
We briefly provide necessary background on nonassociative algebras and in particular alternative algebras, and define the alternative Clifford algebra.
2.1. Nonassociative rings and algebras. Let A be a nonassociative ring. The commutator of x, y ∈ A is the element [x, y] = xy − yx. The associator of x, y, z ∈ A is the element (x, y, z) = (xy)z − x(yz). Clearly, the ring is associative when (A, A, A) = 0. The nucleus of A is the set N (A) = {a ∈ A : (a, A, A) = (A, a, A) = (A, A, a) = 0}, and the center (also the "associative center") is
The nucleus is an associative subring of A, and the center is a commutative subring of the nucleus. The ring A is said to be a C-algebra over any subring C of the center.
Alternative rings. A nonassociative ring
for every a, b ∈ A. Linearizing, it follows that the associator alternates: a 2 , a 3 ) for any a 1 , a 2 , a 3 ∈ A and σ ∈ S 3 . Any two elements of an alternative ring generate over the center an associative subring (Artin, [7, Theorem 2.2]), and in particular an alternative ring is power-associative.
A simple alternative ring is either associative or an octonion algebra over its center, which is a field [7, Corollary 7.3.1] . A prime alternative ring A is either associative or an octonion ring, provided that 3A = 0 [7, Corollary to Theorem 9.9].
2.3. The nonassociative Clifford algebra. Let (V, ϕ) be a quadratic space. We define the nonassociative Clifford algebra C na (ϕ) = C na (V, ϕ) as the free nonassociative algebra generated by V over F , modulo the relations v 2 = ϕ(v) for v ∈ V . Naturally, this construction is invariant under isometries:
Over a field of characteristic not 2, every quadratic form ϕ : V →F has an orthogonal basis {x 1 , . . . , x n }, in which case ϕ(u 1 x 1 + · · · + u n x n ) = α 1 u 2 1 + · · · + α n u 2 n , and the form is denoted ϕ = α 1 , . . . , α n . If u, v ∈ V are orthogonal with respect to the underlying bilinear form of ϕ, then uv + vu = 0 in the Clifford algebra. In particular, if x 1 , . . . , x n form an orthogonal basis, then x j x i = −x i x j for every i = j, and x 2 i ∈ F . Therefore, C na (ϕ) is generated by pairwise anticommuting square-central elements.
For 1-dimensional forms, C na (ϕ) is but a quadratic extension of F . However, already when dim(ϕ) = 2 the nonassociative Clifford algebra grows exponentially.
Of some relevance is [5] , who fully described the free alternative superalgebra on one odd generator. By definition, an odd generator anti-commutes with itself. Shestakov and Zhukavetz find a correspondence with the skew elements in the alternative Grassmann algebra, which can be viewed as an epimorphic image of our alternative Clifford algebra for the zero quadratic form (in any dimension). We do not give further details here, because the dimension of the alternative Grassmann algebra on three generators is too small to be directly helpful for our cause.
2.4.
The alternative Clifford algebra. The Clifford algebra can thus be defined in any variety of nonassociative algebras. There are natural projections
where C flex (ϕ) is the Clifford algebra in the variety of flexible algebras, defined by the identity (x, y, x) = 0; Musgrave relates the flexible Clifford algebra C flex (ϕ) to higher Cayley-Dickson algebras (see Section 5 below).
Preparatory computations
Throughout this section, A is an alternative algebra over an arbitrary
We use the same notation for operators: rather than composition,
3.1. Pairwise anticommuting elements. While the results hold in general, this subsection is mostly relevant when char F = 2. Lemma 3.3. Let x 1 , x 2 , x 3 be pairwise anticommuting elements in an alternative algebra. Each of the expressions
is alternating in the distinct indices i, j, k.
Proof. We use Corollary 3.2 repeatedly. We have that
similarly (x 2 x 1 )x 3 = (x 3 x 2 )x 1 , and so
It follows that (x i x j )x k is invariant under even permutations, and a transposition (ij) clearly changes the sign. The same proof holds for x i (x j x k ), and consequently for
For every a, b in an alternative ring we have that
because the subring generated by a, b is associative.
Lemma 3.4. Let x 1 , x 2 , x 3 be pairwise anticommuting elements of an alternative algebra A, and assume
Proof. By symmetry it suffices to check that w commutes with x 1 and with x 2 x 3 . By (1), we have that
Remark 3.5. In an associative algebra, the fact that
3.
2. An associator. Our goal here is to show that the element w = x 1 •x 2 x 3 of Lemma 3.4 satisfies (x 1 , x 2 , w) = 0. We first provide a proof for fields of characteristic not 3, and then a proof for arbitrary characteristic, which requires a somewhat longer computation.
Lemma 3.6. Let x, y, w ∈ A be elements of an alternative algebra, such that
Proof. Write p = (wx)y, p ′ = (xy)w and p ′′ = x(yw). The even associators
are all equal by alternativity of the associator, so
Example 3.7 (Counterexample to Lemma 3.6 in characteristic 3). Let F be a field of characterstic 3. Let A be the graded 7-dimensional nilpotent algebra F ⊕(F x+F y+F w)⊕(F wx+F wy)⊕F p, whose multiplication table is defined by w 2 = x 2 = y 2 = xy = yx = 0, xw = wx, yw = wy, (wx)y = −(wy)x = y(wx) = −x(wy) = p, with all other products of non-unital basis elements being zero. We have that (x, w, y) = (xw)y − x(wy) = p + p = −p = 0.
Since associators of degree > 3 are zero by definition, to show alternativity it suffices to verify that the associator of w, x, y is alternating, which follows from the computation of Lemma 3.6.
In spite of this example, by adding one more condition we can prove that (x, y, w) = 0 in every characteristic. Recall that an alternative algebra satisfies the Moufang identities [7, Lemma 2.7] , which imply the identities
(a, ba, c) = a(a, b, c). Proof. We first check that (4) y(wx) = 2(wy)x − w(yx).
Indeed, y(wx) = (yw)x − (y, w, x) = (wy)x + (w, y, x) = 2(wy)x − w(yx). Now
as stated. It follows that 0 = x(x(x, y, w)) = x 2 (x, y, w), so if x 2 is invertible we obtain (x, y, w) = 0.
The alternative discriminant
In this section we assume char F = 2. Let ϕ : V →F a nondegenerate ternary quadratic form over F . Let x 1 , x 2 , x 3 be an orthogonal basis of V .
which is well defined up to squares. In the associative Clifford algebra C(ϕ), the center is generated by the element x 1 x 2 x 3 , whose square is the discriminant. A similar key role is played in the alternative Clifford algebra by the element
Proof. If i = j this is clear; otherwise, x i , x j , d satisfy the conditions of Proposition 3.8, so that (x i , x j , d) = 0. Proof. Since A is generated over F by the x i , it suffices to verify that (d, x i ) = (d, x i , x j ) = 0, which follows from Lemma 3.4 and Corollary 4.1.
By Lemma 3.3 the element d is invariant under even permutation of the basis elements. We prove that it is in fact invariant under all special isometries.
Remark 4.4. The action of the general linear group GL(V ) on V induces the determinant character on the one-dimensional space F · (x 1 , x 2 , x 3 ). Indeed, the associator is an alternating trilinear form.
A somewhat weaker statement holds for the summands of the associator (
is a linear combination of products of the form (x i x j )x k (for i, j, k not necessarily distinct), which is always in V + F (x 1 x 2 )x 3 . But this space maps bijectively on V + F x 1 x 2 x 3 ⊆ C(V ), and for associative Clifford algebras the claim is well known, and can easily be verified in terms of the wedge product. 
Cayley-Dickson doubling
The purpose of this section is to obtain Corollary 5.4 on the identification of octonion rings. Let Q be a (not necessarily associative) algebra with involution over an integral domain C (of arbitrary characteristic). Let γ ∈ C be a nonzero element. The Cayley-Dickson double of Q is the C-algebra
. Setting t = (0, 1) so that t(a, 0) = (0, a), we can write this algebra as Q ⊕ tQ, where Q ∼ = Q ⊕ 0 is a subalgebra, and with the multiplication rules a(tb) = t(āb), (5) (tb)a = t(ab), (6) (ta)(tb) = γbā.
The involution extends from Q to (Q, γ) by a + tb =ā − tb. We say that the involution w →w is scalar if w +w ∈ C for every w ∈ Q. The unique scalar involution on a quaternion algebra is the symplectic involution.
Remark 5.1. A scalar involution extends to a scalar involution of the double. Indeed, (a + tb) + a + tb = a +ā.
The algebra C itself, with the trivial involution, can serve as a basis for the doubling procedure. The quaternion algebra
is denoted (α, β) C , and the octonion algebra ((α, β) C , γ) is denoted (α, β, γ) C . It is easy to see that (α,
It follows that (α 1 , α 2 , α 3 ) C remains the same algebra under permutation of the entries. We need to be able to identify octonion algebras through their generators. For an algebra with involution Q which is contained in an algebra A, the skew normalizer is SN A (Q) = {b : pb = bp (∀p ∈ Q)}.
Lemma 5.2. Let A be an alternative algebra over an integral domain C. Let Q ⊆ A be a subalgebra with a scalar involution a →ā such that SN Q (Q) = 0. Let z ∈ A be an element in SN A (Q), namely for which
for every a ∈ Q. Assume z 2 = γ ∈ C, γ = 0. Then the subalgebra generated by Q and z in A is the Cayley-Dickson double (Q, γ) C .
Proof. First we prove the defining relations (5)- (7) for t = z and every a, b ∈ Q. We take advantage of the fact that the (symplectic) involution on Q is scalar.
In particular a(zb) + z(ab) = z((a +ā)b) so that a(zb) = z(āb), which is (5). Similarly, R a • R z = (a +ā)R z , so that (bz)ā = (bz)(a +ā) − (bz)a = (ba)z, hence (zb)a = (bz)a = (bā)z = z(ab), which is (6). We now have that R a • R zb = R a•(zb) = R a(zb)+(zb)a = R z(āb)+z(ab) = R (a+ā)zb ; applying this to z, we get that γba + (za)(zb) = (z(zb))a + (za)(zb) = z(zb)(a +ā) = γb(a +ā) which proves (7) .
To conclude the proof, we need to show that Q ∩ zQ = 0. Assume za = b for a, b ∈ Q. By the above relations,pb =p(za) = z(pa) = (za)p = bp for every p ∈ Q, which by assumption implies b = 0. Now za = 0 implies γa = z 2 a = z(za) = 0, so that a = 0. Corollary 5.3. Let A be an alternative algebra over an integral domain C. Let Q ⊆ A be a quaternion subalgebra with the scalar involution a →ā. If z ∈ A satisfies (8) and z 2 = γ ∈ C, γ = 0, then the subalgebra generated by Q and z in A is the octonion algebra (Q, γ) C .
Proof. The assumptions of Lemma 5.2 are satisfied because in a quaternion algebra no nonzero element anticommutes with all antisymmetric elements.
Corollary 5.4 (Octonion identification lemma).
Let A be an alternative algebra over an integral domain C of characteristic not 2, and let x, y, z ∈ A be pairwise anticommuting elements satisfying x 2 = α, y 2 = β and z 2 = γ for 0 = α, β, γ ∈ C. Assume furthermore that z • xy = 0. Then the subalgebra C[x, y, z] is isomorphic to the octonion ring (α, β, γ) C .
Proof. Clearly, Q = C[x, y] is a quaternion subalgebra, with the scalar involution induced byx = −x andȳ = −y. The assumptions on z imply az = zā for every a ∈ Q. By Lemma 5.3, C[x, y, z] = (Q, γ) = (α, β, γ) C .
The alternative Clifford algebra for a ternary form
We continue with the setup of Section 4, where d = x 1 • x 2 x 3 was shown to be central in C Alt (ϕ). Again, F is a field of characteristic not 2.
Theorem 6.1. The alternative Clifford algebra of ϕ = α 1 , α 2 , α 3 is isomorphic to the octonion algebra
where λ is an indeterminate.
Proof. Let x 1 , x 2 , x 3 be an orthogonal basis for V for which x 2 i = α i , and let d = x 1 • x 2 x 3 , which is in the center Z(F [x 1 , x 2 , x 3 ]) by Lemma 3.6. We find standard generators for
.
is a quaternion algebra, so that x ′ 3 = 2(x 1 x 2 )x 3 −d anticommutes with both x 1 and x 2 , and satisfies
Moreover,
so the elements x 1 , x 2 , x ′ 3 satisfy the conditions of Corollary 5.4 over F [d], and are standard generators for the octonion algebra (
, which proves the claim.
To show that d is transcendental over F , reverse the argument: the octonion algebra
is generated by anticommuting u 1 , u 2 , u ′ 3 such that u 2 1 = α 1 , u 2 2 = α 2 and u ′2 3 = λ 2 + 4α 1 α 2 α 3 . Let
, showing that the map C Alt (ϕ)→C ′ by x i → u i is well defined, and being onto, it is an isomorphism.
Corollary 6.2. The alternative Clifford algebra of a nondegenerate ternary form ϕ is an octonion algebra over a polynomial ring F [λ]. Moreover the center is generated by the alternative discriminant of ϕ (Corollary 4.7).
The following remark explains the apparent asymmetry of the formula in Theorem 6.1. Remark 6.3. Let K be a field with char K = 2. For any α, β, γ ∈ K × and θ ∈ K, letting ̟ = θ 2 + 4αβγ, we have that
Indeed, summing the symbols in H 3 (K, µ 2 ), we have that
The other equality is proved in the same manner.
is also an octonion algbera by the same argument. The alternative Clifford algebra is obtained by extending scalars from
Recall that the associative Clifford algebra is simple if disc(ϕ) is not a square, and decomposes into a sum of two isomorphic quaternion algebras over F otherwise. We can now describe the simple quotients of C Alt (ϕ).
Proposition 6.5. LetF be the algebraic closure of F . Writing ϕ = α 1 , α 2 , α 3 , the simple quotients of C Alt (ϕ) are
The (simple quotients of the) associative Clifford algebra.
Proof. We choose generators x 1 , x 2 , x ′ 3 as in Theorem 6.1. In any simple quotient of C Alt (ϕ), the center F [d] maps to to a simple field extension of F . Assume d → θ where θ ∈F is some element in the algebraic closure. If θ 2 = −4α 1 α 2 α 3 , then C Alt (ϕ) maps to the octonion algebra (
, which is indeed simple. Otherwise, x ′2 3 = d 2 + 4α 1 α 2 α 3 maps to zero, making the image of F [x 1 , x 2 ]x ′ 3 equal to the radical of the quotient, so by simplicity the image of x ′ 3 must be zero, and the algebra maps to the quaternion algebra (α 1 , α 2 ) F [θ] . If θ ∈ F , this is the associative Clifford algebra.
For example, mapping θ → 0, we obtain a projection onto the octonion algebra C
(This was observed in [4, Prop. 2.17]).
Remark 6.6. The octonion algebra is endowed with a natural involution, under which d is symmetric as a central element, and x 1 , x 2 , x ′ 3 are antisymmetric. Since x 1 x 2 is antisymmetric, we get that x 3 is antisymmetric as well. This involution of C Alt (V, ϕ), which can be defined byv = −v for all v ∈ V , projects to the symplectic involution of the associative Clifford algebra C(V, ϕ).
6.1. The basic associator. Let a = (x 1 , x 2 , x 3 ) be the associator of the basis elements. By [7, Theorem 13 .12], the square of any associator in an alternative algebra generated by three elements is central. Indeed, we can compute
In fact, one can check that in terms of
Let a denote the ideal of C Alt (ϕ) generated by a.
Corollary 6.7. The algebra C Alt (ϕ)/ a is associative.
Proof. A-priori there could have been nonzero associators in the quotient. But since a = x ′ 3 , mapping a → 0 sends x ′ 3 → 0, which was covered in Proposition 6.5.
On the other hand, since a 2 = d 2 + 4α 1 α 2 α 3 , we get from Proposition 6.5 that (in characteristic not 2):
Corollary 6.8. The localization of C Alt (ϕ) at the central element a 2 is "alternative Azumaya" in the sense that all its simple quotients are octonion algebras.
Central fractions of the alternative Clifford algebra
For a nondegenerate ternary quadratic form ϕ, letĈ Alt (ϕ) denote the algebra of central fractions of the alternative Clifford algebra C Alt (ϕ), namelŷ
for some orthogonal basis x 1 , x 2 , x 3 . More explicitly by Theorem 6.1,
We now put this algebra in context, by comparing it to the cohomological invariants of quadratic forms.
Cohomological invariants.
Recall from [2, Theorem 17.3] that the cohomological invariants over F of ternary quadratic forms are freely spanned (over the cohomology ring H(F )) by the Steifel-Whitney invariants ω i ∈ H i (F ), i = 0, . . . , 3, where for ϕ = α 1 , α 2 , α 3 the invariants are defined by α 2 , α 3 ). For example, the associative Clifford algebra C(ϕ) is the quaternion algebra (α i , α j ) over F [ disc(ϕ)] for any i = j; summing up in H 2 (F, µ 2 ), this invariant is the restriction res
7.2. The associated Pfister form. Recall that an m-fold Pfister form is a tensor product γ 1 , . . . , γ m = γ 1 ⊗ · · · ⊗ γ m , where γ = 1, −γ . If π is a Pfister form, π ′ denotes the pure subform. The norm form of C Alt ( α 1 , α 2 , α 3 ) is the Pfister form α 1 , α 2 , λ 2 + 4α 1 α 2 α 3 over F (λ), corresponding to the symbol
. This element, the octonion algebra over F (λ) and its norm form determine each other up to isomorphism.
As explained in Remark 6.3 we may write µ(ϕ) = (α i , α j , λ 2 + 4α 1 α 2 α 3 ) for any i = j. Summing up the three presentations, Corollary 7.1. We have that µ(ϕ) = 3µ(ϕ) = (λ 2 + 4α 1 α 2 α 3 ) ∪ ω 2 (ϕ).
Presentation by Pfister forms.
It is of some interest to present µ(ϕ) in a form which is visibly symmetric. Let Quad k and P k denote the sets of k-dimensional forms and k-folds Pfister forms over F up to isomorphism, respectively.
Remark 7.2.
There is a one-to-one correspondence
Thus ϕ is isotropic iff ω is hyperbolic.
Namely, if ϕ = α 1 , α 2 , α 3 corresponds to ( δ , ω), then the norm form ofĈ Alt (ϕ) is λ 2 + 4δ F (λ) ⊗ω.
Proof. Compute, using that over F (λ) the forms 1, −(λ 2 + 4α 1 α 2 α 3 ) and
are isomorphic:
where the last step follows from −α 1 α 2 α 3 being a value of λ 2 + 4α 1 α 2 α 3 .
Corollary 7.4.Ĉ Alt (ϕ) splits if and only if ϕ is isotropic.
7.4.
Residues. Faddeev's exact sequence (see [3, Section 6.4] ) shows that µ(ϕ) is determined by its residues. Since deg(λ 2 + 4α 1 α 2 α 3 ) is even, the only nonzero residues are obtained from divisors of λ 2 + 4α 1 α 2 α 3 :
Remark 7.5. The nonzero residues of µ(ϕ) are:
(1) The associative Clifford algebra C(ϕ) at
Corollary 7.6. The associative Clifford algebra C(ϕ) (up to isomorphism over F ) and the localized alternative Clifford algebraĈ Alt (ϕ) (up to isomorphism over F (λ)) determine each other.
Nearly anti-commuting elements
Our next goal is to show that the alternative Clifford algebra is an octonion algebra is characteristic 2 as well. This preparatory section begins with a generalization of Lemma 3.3.
Lemma 8.1. Let y 1 , y 2 , y 3 be elements in an alternative algebra such that p ij = y i • y j are scalars. Then the action of the symmetric group S 3 on
is via multiplication by the sign.
Proof. Applying Lemma 3.2, as in Lemma 3.3, we get (y k y i )y j = p ij y k − (y k y j )y i = p ij y k − p kj y i + (y j y k )y i , and
We can now generalize Lemma 3.4.
Lemma 8.2. Let y 1 , y 2 , y 3 be elements in an alternative algebra such that p ij = y i • y j and β i = y 2 i are scalars. Let d be as in (11). Then d commutes with each y i and each y i y j .
Proof. From the assumptions it follows that
By (1) and (12), we have that
Lemma 8.3. Let y 1 , y 2 , y 3 be generators of an alternative algebra A, such that p ij = y i • y j and β i = y 2 i are scalars, and assume that β i = 0 at most once. Then d of (11) is in the center of A.
Proof. Lemma 8.2 verifies the conditions for Lemma 3.8, which implies that y i (y i , y j , w) = y j (y i , y j , w) = 0 for every i, j; and if either y 2 i = 0 or y 2 j = 0, which holds by our assumption, then (y i , y j , w) = 0. We are done by the argument of Lemma 4.3.
Characteristic 2
The theory of quadratic forms in characteristic 2 is quite different than in other characteristics. This is seen already in the basic features: not every quadratic form originates from a symmetric bilinear form, and a diagonal form (of dimension > 1) is singular.
However, the alternative Clifford algebra can be defined regardless of the characteristic. In this section we describe the alternative Clifford algebra of a nondegenerate ternary quadratic form over a field of characteristic 2, and arrive at a structure similar to what was obtained in Theorem 6.1.
Every nondegenerate ternary quadratic form over F can be presented as
, where α 1 , α 2 , α 3 ∈ F and α 3 = 0. In fact, by a linear substitution in t 1 , we may assume at most one of α 1 , α 2 is zero. Therefore, the alternative Clifford algebra C Alt (ϕ) is generated by elements x 1 , x 2 , x 3 , subject to the relations
which are the same relations as before, except that x 1 • x 2 = 1 and not 0. We now consider the algebra A = C Alt (ϕ), where ϕ is given in (13).
Proposition 9.1. The element
is in the associative center of C Alt (V, ϕ).
Proof. This is Lemma 8.3 for the case where p 12 = 1 and p 13 = p 23 = 0.
A quaternion algebra is by definition a central simple algebra of dimension 4. Over a field of characteristic 2, every such algebra can be presented in the form
where α ∈ F and β ∈ F × . Proof. Since d is central, x ′ 3 commutes with x 1 , x 2 . Since x 1 x 2 = x 2 x 1 , it remains to check that x ′ 3 (x 1 x 2 ) = (x 2 x 1 )x ′ 3 . Indeed, x ′ 3 (x 1 x 2 ) + (x 2 x 1 )x ′ 3 = x 3 • (x 1 x 2 ) + x 3 + d = 0.
Theorem 9.4. Let F be a field of characteristic 2. The alternative Clifford algebra of the form ϕ given in (13) is isomorphic to the octonion algebra
Proof. Clearly C Alt (ϕ) = We can now describe the simple quotients: , which is indeed simple. Otherwise, x ′2 3 = α 3 + d 2 maps to zero, making the image of F [x 1 , x 2 ]x ′ 3 an ideal in the quotient, so by simplicity the image of x ′ 3 must be zero, and the algebra maps to the quaternion algebra (α 1 , α 2 ) F [θ] . If θ ∈ F , this is the associative Clifford algebra.
Remark 9.6. When char F = 2, the associator a = (x 1 , x 2 , x 3 ) is equal to x ′ 3 = x 3 + d. Indeed, a + d + x 3 = (x 1 x 2 )x 3 + x 1 (x 2 x 3 ) + x 3 • (x 1 x 2 ) = x 1 (x 2 x 3 ) + x 3 (x 1 x 2 ) = x 1 (x 2 • x 3 ) = 0 by Corollary 3.2.
We thus have that a 2 = d 2 + α 3 , and from Proposition 9.5 we conclude:
Corollary 9.7. Corollary 6.8 holds, verbatim, over any field.
